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Electromagnetic prompt response in an elastic wave cavity 
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A rapid, or prompt response, of an electromagnetic nature, is found in an elastic wave scattering 
experiment. The experiment is performed with torsional elastic waves in a quasi-one-dimensional 
cavity with one port, formed by a notch grooved at a certain distance from the free end of a beam. 

The stationary patterns are diminished using a passive vibration isolation system at the other end 
of the beam. The measurement of the resonances is performed with non-contact electromagnetic- 
acoustic transducers outside the cavity. In the Argand plane, each resonance describes a circle over 
a base impedance curve which comes from the electromagnetic components of the equipment. A 
model, based on a variation of Poisson’s kernel is developed. Excellent agreement between theory 
and experiment is obtained. 

PACS numbers: 46.40.Cd, 62.30.+d, 03.65.Nk, 73.21.Fg 


The study of wave transport through cavities, or scat¬ 
tering properties in a more general sense, has received 
intense theoretical and experimental attention in recent 
years. On the one hand, special interest has been the 
fingerprint of the classical dynamics in wave systems [l|- 
[ 3 , like lithographic quantum dots [1-0, microwave cav¬ 
ities [ilil and graphs [H, [l0. On the other hand, 
most of the experiments on elastic systems with differ¬ 
ent geometries are mainly concerned with the analysis 
of the spectrum [iMil or carried out in the time do¬ 
main 22, [20. Single-frequency scattering experiments 


on elastic systems are difficult to perform due to the for¬ 


mation of stationary patterns m- Also, the excitation 
and selection of a particular type of elastic motion is a 
difficult task with commercial piezoelectric transducers. 


Recently, this has started to change due to the suc¬ 
cessful reduction of the stationary waves using absorbing 
materials [U, [20 . In adition, particular kinds of vibra¬ 
tions can be selectively excited or detected with differ¬ 
ent configurations of electromagnetic-acoustic transduc¬ 
ers (EMATs) [H, [H, [50 . Although the use of EMATs 
provide the advantage of not being in contact with the 
system, the electromagnetic field of the exciter enters into 
the detector [251. Therefore, the elastic scattering sys¬ 
tem as a whole, including the EMATs, presents an elec¬ 
tromagnetic impedance which cannot be ignored. The 
resonances of the system lie on a base electromagnetic 
impedance curve that induces direct processes comming 
from an electromagnetic prompt response in the scat¬ 
tering of elastic waves, as well as the expected prompt 
response in the elastic waves. As will be shown below, 
the effect of this impedance can be taken into account in 


the total prompt response of the system0 

In this Letter we present measurements of the 1x1 
scattering matrix, in a single port quasi-one-dimensional 
cavity, for torsional waves in a beam. In the Argand 
plane, the experimental scattering matrix moves along 
the impedance curve describing circles on each resonance 
of the cavity, as frequency is varied. That is, the mea¬ 
sured scattering matrix consists of the scattering matrix 
of the cavity plus its displacement along that impedance 
curve. Here, the experimental results are described by 
taking into account this phenomenon in a theoretical 
model based on Poisson’s kernel, an opposite to that in 
which the direct processes are subtracted in microwave 
measurements in cavities [50 and graphs [l5| . 

The cavity is formed on a square-cross-section alu¬ 
minum beam, as shown in Fig. [H between a free end and 
a notch of width a and depth h, grooved at a distance L 
from the free end. At the other end of the beam a pas¬ 
sive vibration isolation system is used. Torsional vibra¬ 
tions are induced using electromagnetic-acoustic trans¬ 
ducers (EMATs). The signal of a vector network analyzer 
(VNA, Anritsu MS-4630B) is sent to a high-fidelity audio 
amplifier (Cerwin-Vega CV-900) and then to the EMAT 
exciter located at a certain distance from the notch, out¬ 
side the cavity. The torsional acceleration is measured 
by another EMAT, just outside the cavity, and sent to 
the VNA. In this way the non-normalized 1x1 scattering 
matrix. 


S{f) = (1) 


^ Notice that this effect is not the same as that of Ref. where 
direct reffections are induced by imperfect coupling to the sys¬ 
tem. 
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FIG. 1. Experimental setup used to form an open elastic 
wave system (not to scale). A cavity is formed in a beam by 
machining a notch in it at a certain distance from the free 
end. The total length of the beam is 3.6 m with a square 
cross-section of side W = 25.4 mm; L = 2.5 m, h = 18.0 mm, 
and a = 0.9 mm. The wedge is 40.0 cm long. The beam is 
supported by two nylon threads (not shown). The connection 
of the equipment is shown at the bottom. The exciter is 
located at 70 cm from the notch. Aluminum alloy 6061-T6, 
with shear modulus G = 26 GPa and density p = 2.7 g/cm^, 
was used. 


where R{f) is the reflection coefficient and 0{f) the 
phase, is measured for torsional waves. 

A typical measurement is shown in Fig. [21 in which the 
magnitude and phase of S are plotted as a function of 
the frequency /, from 14000 to 20500 Hz. According to a 
simple theoretical model [HI , eleven torsional resonances 
can be identified in this range of frequencies; they are 
indicated with vertical marks in the same figure. The 
remaining peaks correspond to other modes of vibration 
or to radio broadcasting stations [HI- It is noticeable 
that all resonances are located on a base line which comes 
from the electromagnetic impedance of the system as a 
whole (see also Fig. El). This was verified by the null 
hypothesis that corresponds to the measurement without 
the elastic wave system. 

In Fig. [3] the motion of S{f) in the complex plane is 
shown as a function of the frequency /. Instead of cali¬ 
brating the scattering matrix as in Refs. [l5|, l27|, an un¬ 
normalized ^'-matrix will be used and the experimental 
data will be given in arbitrary units. As expected, S{f) 
describes a circle for each resonance, but their centers are 
not located at the origin. In fact, the circles are superim¬ 
posed on a base curve which is parallel to that obtained 
from the null hypothesis. The circles are not closed be¬ 
cause the electromagnetic impedance is not constant but 
it varies slowly with frequency. Due to this fact each res¬ 
onance is analyzed separately. In Fig. [3] the result of the 
null hypothesis is also shown in the Argand plane as the 
frequency is varied. 


As has been recently shown by the authors [25 
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FIG. 2. The magnitude and phase of S{f), showing the reso¬ 
nance spectrum measured with the detector located just out¬ 
side the cavity. The vertical marks correspond to theoretical 
predictions [2^. 



FIG. 3. (Golor online) Motion of S{f) in the Argand plane as 
a function of frequency / for the same resonances of Fig. [2l 
The impedance curve, measured without the elastic system, 
is given by the thick line. 


the scattering matrix of each resonance, as seen from the 
center of its own circle, S'{f), visits the circumference in 
a non-uniform way, z.e., according to Poisson’s kernel 

P'{S') = ^^—^6{R'-Ro), ( 2 ) 

where 

= R' = Ro, (3) 

and Ro is a constant, experimentally determined as the 
square of the average of |5"(/)|. Here, S' = S'{f) is the 
frequency average of 5"(/), also determined experimen¬ 
tally. In the jargon of nuclear physics this corresponds to 
the well known optical scattering matrix which accounts 
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FIG. 4. Resonance at 14819 Hz. In the left panels the mag¬ 
nitude squared and phase of S{f) are shown. The histograms 
of the experimental data are compared with the theoretical 
expressions (continuous lines) of Eqs. d?]) and Q. 


FIG. 5. Resonance at 16530 Hz. Excellent agreement is found 
between theory and experiment despite the appearance of a 
second type of resonance, not completely eliminated by the 
absorber. 


for the prompt response of the system during the scat¬ 
tering processes. For the theoretical description of the 
experimental data, as originally measured, the effect of 
the electromagnetic impedance has to be taken into ac¬ 
count. 

From the known distribution of 5"(/), Eq. (j2j), the 
probability distribution of S{f) for each resonance can 
be obtained. Both scattering matrices are related by a 
translation. 


Sif) = S'if) + Z, (4) 

where Z is the position of the center of the circle, as seen 
from the origin; this displacement is triggered by the 
impedance, which is different for each resonance. This 
implies that the optical S matrix, 5'opt = 5'(/), consists 
of two parts: one coming from the scattering process of 
the system itself and a second coming from the electro¬ 
magnetic components; 

5opt =^ + Z. (5) 


distribution of i?, Eq. m is integrated with respect to 
0. It is clear that the minimum and a maximum values 
of \/^ are imposed by Z; that is, the minimum (maxi¬ 
mum) is given by the sum of the distance to center |Z|, 
minus (plus) the radius of the circle a/Rq. Erom Eq. ^ 
we obtain 


p{R) 


1 Ro- l^opt - 

2^ /[i? - (|Z| - v^)2] [{\Z\ + - R] 


X 

X 


(|v^ei^+ - 5optP ^ \VRe^^- - ^optp) 
[Q{\Z\ + - /R) + ©(Vr - |Z| + v^)], 


where ©( 2 :) is the Heaviside function of z and 
= ^{(R+|Z|2 -Ro) 

±i/[R - {\Z\ - /^)2] [{\z\ + y^)2 - R] |. (8) 


Erom Eq. m, the probability density distribution of 
S{f) is given by 

PiS) = ^ ( 6 ) 

where R'(S) = \S — Z\‘^. In contrast to the ideal case 
where the impedance is absent and only Rpnt is enough 
to describe the scattering in the system 2^, 3^ , this dis¬ 
tribution depends on two experimental parameters, Ropt 
and Z. Ro is a constant, not a parameter, whose value 
deviates from 1 due to the arbitrary units used in the 
measurements. 

To visualize the distribution of R, the marginal distri¬ 
butions for R and 0 will be determined. To obtain the 


In a similar way, the marginal phase distribution q{0) 
is obtained by integrating over R; the result is 


q{e) = 


1 Ro - l^opt - 

^^/Ro- [\m{Z*&o)f 

y R+ y R- 


ly^ei^-Roptl 


+ 


^/RZe'<^-S, 


(9) 


opt I 


0 ( / — sin 


-1 y^ R , , . -1 y^\ 


where </> is defined through e”^ = Zl\Z\-, 


= Re(Z*e‘^) ± yRo - [lm{Z*&<^)] , 


( 10 ) 
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and Re(z) and Ini( 2 ;) stand for the real and imaginary 
parts of z. 

In Figs. Eland [5] the results for two typical experimen¬ 
tal resonances, at 14819 and 16530 Hz, are shown. The 
left panels of both figures show the magnitude squared 
{R) and phase {0) of the amplitude of the measured sig¬ 
nal; the effect of the impedance is noticeable. In the 
right panels the distributions for R and 0 are shown as 
histograms along with the theoretical expressions (con¬ 
tinuous lines) for the marginal distributions, Eqs. ([ 7 ]) and 
The only relevant parameters, 5'opt and Z, were ob¬ 
tained from the experimental data. Despite the hollow 
that appears in the histograms of the phase, an excel¬ 
lent agreement is observed. The hollow is due to the 
lack of data since the experimental resonances does not 
close completely. In Fig. [5] one can observe that another 
resonance appears around 16540 Hz. The effect of this 
resonance, that belongs to another type of vibration not 
completely eliminated by the passive vibration isolation 
system, does not noticeably affect the distributions. 

In conclusion, wave transport through a quasi-one- 
dimensional elastic cavity was studied. This was done 
by measuring the scattering matrix for torsional waves. 
The system was opened at one end by a passive vi¬ 
bration isolation system reducing substantially the pres¬ 
ence of stationary waves. Although the excitation (and 
detection) of the modes was performed by non-contact 
electromagnetic-acoustic transducers, the exciter induces 
an electromagnetic impedance in the detector that affects 
dramatically the measurements. This effect was included 
in the theoretical description of the experiment as di¬ 
rect processes by adding a constant to the scattering ma¬ 
trix. The only relevant parameters, whose values were 
taken from the experiment, are the displacement due to 
the electromagnetic impedance and the optical scatter¬ 
ing matrix of the elastic waves. An excellent agreement 
between the theoretical predictions and the experimental 
results was obtained. 
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